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Recently it was shown in Ref. [Phys. Rev. Lett. 112, 140402 (2014)] that in the idealized Dicke
model of superradiance there is no entanglement among any partitions of the system during the total
evolution time of the system. This result immediately conducts us to question if other measures from
quantum information theory can explain the characteristic release of energy in a short time interval.
In this work we identify the uncertainty of purely quantum origin as the property responsible for
Dicke superradiance. The quantum uncertainty on the population of each emitter of the sample
captured by the Wigner-Yanase skew information (WYSI) is proportional to the correlation radiation
rate, which is the part of the total radiated power coming from dipole correlations and responsible
for releasing in a short time a great intensity of radiation energy. We also show that the correlation
measure called local quantum uncertainty, which is the minimization of the WYSI over all local
observables, presents a double sudden change induced by environment. The time window between
these two sudden changes is used to define the interval in which symmetric global observables of the
system behave classically for N →∞, although the emitters remain strongly quantum correlated.
Unveiling the resources behind several intriguing quan-
tum phenomena is a hard task. It is known that for pure
state quantum computation entanglement is necessary to
obtain an exponential speed-up in the processing time of
some quantum algorithms [1–6] when compared to their
best classical performance [7]. However, for mixed state
quantum computation, necessary conditions are elusive,
although quantum discord [8, 9] could be a good can-
didate in the deterministic quantum computation model
[10]. There are other protocols in which discordant states
are crucial to take advantage from the quantum world:
the work extraction by Maxwell’s demon [11], entangle-
ment activation [12], quantum metrology [13], superdense
coding [14], communication cost in the quantum state
merging protocol [15], and quantum data hiding [16].
What is interesting in all these protocols is that entangle-
ment, which has been in the spotlight for decades, gives
way to new kinds of quantum correlations [17, 18].
By its turn, Dicke superradiance is a cooperative phe-
nomenon in which a sample composed by N identical
emitters can release an amount of radiation energy in
a time window N times shorter than the characteristic
emission time of one isolated emitter and the intensity of
the radiation scales with N2 [19]. The great interest in
Dicke superradiance is not only from the point of view
of foundational aspects of quantum theory, but also the
possibility of building superradiant lasers [20] is relevant
for precision measurement science. Furthermore, for effi-
cient collection and transfer of solar energy in light har-
vesting complexes, plants benefit from the superradiant
processes [21–23].
In the particular case of superradiance in which all
emitters are initially excited, the state of the system re-
mains a linear convex combination of Dicke states the
whole time. As a Dicke state (see Eq. (5)) is a highly
entangled state, except the states |J, J〉 and |J,−J〉, it
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is quite natural to attribute to entanglement the power
of speeding up the radiation rate. Contrary to this idea,
in Ref. [24] the authors show that there is no entangle-
ment generated throughout the dynamics. Thus, the nat-
ural question is What is the property responsible for the
speed up of radiation in Dicke superradiance? We found
that the Wigner-Yanase skew information (WYSI) [25–
27] evaluated for local and global observables is a power-
ful tool from quantum information theory that captures
the dynamical characteristics of Dicke superradiance and
sheds light on the subject. As the main result of our
work, we analytically show that the time dependence of
the correlation radiation rate, i.e., the part of the radi-
ated power coming from dipole correlations, is propor-
tional to the WYSI evaluated for the local observable
accounting for the population of each emitter. On the
other hand, by using global observables, we show that
the WYSI for the macroscopic polarization is able to sig-
nal the time of maximum emission of radiation in the
classical limit. We mean by classical behavior of some
observables, when the expected value of these observ-
ables can be described by a classical probability distri-
bution in the limit N → ∞ [28]. Further, analyzing the
quantum correlations between one emitter and the rest
of the system, we find a double sudden change induced
by environment of the local quantum uncertainty, so that
the time window between these two sudden changes can
be used to define the interval in which global symmetric
observables of the system behave classically.
Let us first introduce the mathematical tools and the
physical system to be analyzed.
Wigner-Yanase Skew Information – With the idea of
constructing a measure of information which an ensemble
contains with respect to nonideal measurements, Wigner,
Yanase, and Araki introduced a measure of information
I(ρ,K) defined by
I(ρ,K) = −1
2
Tr
(
[
√
ρ,K]
2
)
, (1)
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2where ρ is the density matrix of the system and K is
an observable [25–27]. The so called Wigner-Yanase
skew information (WYSI) I(ρ,K) was derived in or-
der to be always nonnegative and to satisfy 0 ≤
I(ρ,K) ≤ V ar(ρ,K), where I(ρ,K) = 0 is achieved
when ρ and K commute, and I(ρ,K) = V ar(ρ,K)
when ρ is a pure state, with the variance defined by
V ar(ρ,K) ≡ Tr(ρK2) − [Tr(ρK)]2. Another important
property of I(ρ,K) is its convexity under mixing, i.e.,
I (
∑
i piρi,K) ≤
∑
i piI (ρi,K), with
∑
i pi = 1. This
means that it does not increase under classical mixing.
Notice that when ρ is a linear convex combination of
eigenstates of K, I(ρ,K) = 0, which means that for the
WYSI to be non null, the density matrix must have co-
herence in the basis defined by K’s eigenstates. There-
fore, the uncertainty on the observable K captured by
the WYSI is of quantum origin only and is an effect of
quantum coherence.
We remark that minimizing the WYSI over all local ob-
servables of a given partition, we obtain the local quan-
tum uncertainty (LQU), a discord-like quantum corre-
lation measure, which means that if the quantum un-
certainty over all local K is no-null, the subsystem is
quantum correlated to the remaining system [29]. The
LQU presents the advantage of being analytically com-
putable for a qubit-qudit system, which for the l-th two-
level emitter is
LQUl(ρ) = 1− λmax{W l}, (2)
where λmax{W l} means the maximum eigenvalue of the
symmetric matrix whose entries are
W lαβ = Tr
(√
ρσlα
√
ρσlβ
)
(3)
with the indexes α, β = x, y, z [29].
Dicke Superradiance– Let us consider the superradiant
sample as composed by N identical two-level emitters,
where ω is the transition frequency between the ground
|g〉 and excited |e〉 states. The operators σlx, σly, and σlz
are the Pauli spin matrices of the l-th subsystem, so that
the population of l-th emitter is the expectation value of
σlz, and the ladder operators σ
l
± ≡ σlx ± iσly are used to
define the electric dipole operator [30, 31]. The collective
operators J−, J+, and Jz are defined by (~ = 1)
J± ≡
N∑
l=1
σl± and Jz ≡
1
2
N∑
l=1
σlz, (4)
where the Dicke states |J,M〉 are eigenstates of Jz with
eigenvalues M and have the form
|J,M〉 =
√
(J +M)!
(2J)!(J −M)!
(
N∑
l=1
σl−
)(J−M)
|e, e, ..., e〉,
(5)
with M = −J,−J + 1, ..., J − 1, J and J = N/2. If
initially all atoms are in the totally excited state, the
state of the system at time t is
ρ(t) =
J∑
M=−J
pJ,M (t)|J,M〉〈J,M |, (6)
where pJ,M (t) are occupations of the Dicke states. An
analytical expression for the coefficients pJ,M (t) can be
found in chapter 13 of Ref. [31].
As stated before, one signature of the superradiant
emission is the total radiated power
P (t) = −ωd〈Jz〉
dt
= 2γω〈J+J−〉, (7)
which can be decomposed as the sum of two terms [32].
The first one
Pind(t) = 2γω
N∑
l=1
〈σl+σl−〉 = 2γω (J + 〈Jz〉) , (8)
is the independent radiation rate, which accounts for the
radiated power by each subsystem independently of the
others. The coefficient γ is the spontaneous decay rate
of each individual emitter. The second term
Pcorr(t) = 2γω
N∑
l=1,l 6=k
〈σl+σk−〉 = 2γω
(
J2 − 〈J2z 〉
)
, (9)
called correlation radiation rate, accounts for the radi-
ation rate emitted by pairs of correlated dipoles, which
shows a quadratic dependence on N [32]. Indeed, this
is the term responsible for releasing in a short time a
great intensity of radiation energy in the superradiance
phenomenon.
Results – Now we are able to evaluate the WYSI for
the observable σz of the l-th emitter. Through Eqs. (1)
and (6), we obtain
I(ρ(t), σlz ⊗ 1N−l) = 〈
(
σlz
)2〉
−
J∑
M,M ′=−J
√
pJ,MpJ,M ′ |〈J,M |σlz|J,M
′〉|2. (10)
Using the relation J〈J,M |σlz ⊗ 1N−l|J,M ′〉 =
〈J,M |Jz|J,M ′〉 = MδM,M ′ , which takes into ac-
count the indistinguishability of the emitters, we find
that
I(ρ(t), σlz ⊗ 1N−l) =
J2 − 〈J2z 〉
J2
. (11)
Finally, by comparing Eqs. (9) and (11) we obtain our
main result
Pcorr(t) =
γωN2
2
I(ρ(t), σlz ⊗ 1N−l). (12)
This equation shows that the time dependence of the
3radiated power in the Dicke model is explained by the
quantum uncertainty in the population of each emitter
with respect to the whole system. In other words, the
superradiant emission occurs due to the indiscernibility
of the emitter with respect to photon emission. This re-
sult coming from quantum information theory perfectly
agrees with the previous interpretation about the origin
of the superradiance in small samples [30]. In FIG. 1 we
observe that the WYSI for ρ(t) and σlz achieves its max-
imum value when the radiated power is maximum (blue
dotted line). The original argument given by Dicke, in
which the superradiance is due to coherence, is easily
seen in Eq. (9), where the elements of 〈J,M |σl+σk−|J,M〉
are non null provided that the Dicke states are coher-
ent superpositions in the basis {|g〉, |e〉}⊗N , except for
M = ±J . However, such coherence plays an important
role only locally, which is captured by the WYSI for lo-
cal observables. As will be seen later, such coherence is
not crucial for global observables, since the system be-
haves classically around the time of maximum emission
of radiation.
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FIG. 1. (Color online) The WYSI of the observable σlz calcu-
lated with ρ(t) (dotted blue line), the LQU (dashed red line),
and the time evolution of the populations pJ,M of the Dicke
states (black solid lines) for N = 50 emitters in the sample.
The time interval ∆tDSC is a region where the symmetric
global observables of the system behave classically.
Until now, the double sudden change have been ob-
served theoretically in the original version of quantum
discord [8, 9], as first reported in Ref.[33], and in the ge-
ometric version of quantum discord [34]. Subsequently,
an experimental measurement of its geometric version
was reported in Ref. [35]. In FIG. 1 we plot the LQU
(red dashed line), which states that there are discord-like
quantum correlations in the system, although entangle-
ment among the emitters or any other partition of the
system is absent [24]. As can be seen, the LQU presents
a double sudden change, the first one at time tI and the
second one at tF , with ∆DSC = tF − tI > 0. In the inter-
vals tI ≥ t ≥ 0 and∞ > t ≥ tF the LQU is minimized by
the local observable σlz, while in the interval defined by
∆DSC it is minimized by σ
l
x. Once the LQU behavior is
superposed to that of Pcorr for earlier and later stages of
the phenomenon (see the blue dotted line and red dashed
line in FIG.1), we can conclude that in these time inter-
vals the quantum correlations between each emitter and
the remaining system is responsible for the quantum un-
certainty on the observable σlz, and consequently, respon-
sible for the time behavior of the correlation radiation
rate Pcorr(t). These correlations are predominant during
the major part of the superradiance phenomenon for high
values of N , provided that ∆tDSC ∝ 1/N . Meanwhile,
in the time window ∆tDSC the quantum correlations be-
tween each emitter and the remaining system captured
by LQU is weakened, allowing the emergence of other
types of correlations among the emitters.
WYSI for global observables – The WYSI for the global
observables Jx, Jy, and Jz can be obtained using Eqs. (1)
and (4)-(6). For the observable Jz the WYSI has a triv-
ial solution I(ρ(t), Jz) = 0, since it commutes with the
state of the system ρ(t) at all times. This occurs be-
cause the state of the system is diagonal in the Jz basis.
Therefore, ρ(t) is incoherent in the Dicke basis at any
time [36]. Analysing the symmetry of the operators Jx
and Jy with relation to the state ρ(t), it is easy to verify
that I(ρ(t), Jx) = I(ρ(t), Jy), which allows the calcula-
tion of the WYSI only once. Thus, we obtain for the
total polarization operator Jx the expression
I(ρ(t), Jx) =
1
2
{J(J + 1)−
J∑
M=−J
{pJ,M (t)M2
−
√
pJ,M (t)pJ,M−1(t) [J(J + 1)−M(M − 1)]}}, (13)
where we have used the relations between Jx and the lad-
der operators J±, introduced above, and the well known
relation J±|J,M〉 =
√
J(J + 1)−M(M ± 1)|J,M ± 1〉.
In FIG. 2 we plot the normalized radiated power
P (t)/500 and the normalized WYSI 4I(ρ(t), Jx)/50 as
functions of the dimensionless time γt for N = 50 emit-
ters. It is possible to observe that the total radiated
power achieves its maximum value at time tmax, which
is very close to the time tmin in which the WYSI for Jx
achieves its minimum value. The time behavior of the
normalized P (t) and I(ρ(t), Jx) is very similar for dif-
ferent values of N . However, as N increases, the time
tmin becomes closer to tmax, so that in the classical limit
(N →∞) they coincide, as shown in FIG. 3. Therefore,
beyond the WYSI for the local observable σlz, the WYSI
for the operator Jx can be used as a figure of merit to
characterize the time of maximum emission of radiation
in the Dicke Superradiance for large values of N .
The previous result can immediately be generalized by
noticing that limN→∞tmin = tmax has its origin in the
state of the system and is independent of the symmetric
operator used to evaluate the WYSI. From FIG. 1 we
observe that in the interval ∆tDSC all Dicke states are
almost equally occupied, pJ,M (t v tmax) w 1/(N + 1).
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FIG. 2. (Color online) Normalized radiated power P (t)/500
(dashed blue line) and the normalized WYSI 4I(ρ(t), Jx)/50
(solid black line) as function of the dimensionless time γt for
N = 50 emitters. The vertical dashed blue line indicates the
time of maximum emission of radiation tmax, while the solid
black circle bellow shows the time in which the WYSI achieves
its minimum value, tmin.
This approximation becomes better for large values of
N , since the contribution of states near to |J, J〉 and
|J,−J〉, which are dominant at the beginning and at the
end of the process, is weakened. According to Eq. (6),
it follows that limN→∞ ρ(t v tmax) ' 1sym/(N + 1),
where 1sym is the identity operator in the symmetric
subspace. Therefore, for any symmetric global opera-
tor Ksym, i.e., an operator which takes a Dicke state
into another Dicke state, [1sym,Ksym] = 0, so that
limN→∞ I(ρ(t v tmax),Ksym) = 0. As the WYSI is a
positive semi-definite real function, we conclude that at
tmax it is minimum. Of course that symmetric operators
that commute with ρ(t) at all times are not interesting,
as in the case of Jz. Summarizing, the fact that the radi-
ated power achieves its maximum value at the same time
the WYSI for any symmetric global operator achieves its
minimum value, suggests that the later can be used as a
figure of merit to characterize the time of maximum emis-
sion of radiation in the Dicke Superradiance for N →∞.
Global versus local observables – The classical limit in
the Dicke superradiance is taken over global observables
for a large number of emitters (N →∞). Such limit has
been analyzed from different points of views. In Refs.
[30, 37] it is assumed that the classical limit appears
when the fluctuations measured by the standard devi-
ation
√
V ar(ρ,K) become very small compared to the
value of the observable being analyzed. For instance, at
the early stages of the evolution the number of emitted
photons 〈J−Jz〉 is very small, with values of the same or-
der of magnitude of its standard deviation. This implies
that the classical regime occurs after the early stages of
the evolution, provided that the number of emitted pho-
tons always increase until N . We point out that measures
as variance, also account for classical uncertainties, blur-
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FIG. 3. (Color online) Dimensionless time γt in which the
radiated power achieves its maximum value, Pmax(t), and the
time in which the WYSI for Jx operator achieves its minimum
value, Imin(ρ(t), Jx), as function of the number N of atoms
in the sample.
ring quantum effects. As the WYSI can be used as a
good indicator of the existence of quantum features in
the system, since it captures part or the whole quantum
uncertainty of a given observable, we will use it to an-
alyze the quantum-classical crossover. As shown above,
the WYSI for any symmetric global operator Ksym in
the interval ∆tDSC is null for a large number of emitters.
This means that all symmetric global observables behave
as classical random variables, even though the emitters
are strongly quantum correlated during the time interval
∆tDSC . As far as we know, this result on quantum-
classical crossover is quite intriguing, since we are not
finding conditions where the whole quantum system be-
haves classically [30, 37], or just part of it [38], but we
found a situation where the behavior of the system is
determined by the scale we look at it, i.e., to the macro-
world or micro-world.
Conclusions and perspectives – We have shown that the
quantum uncertainty of the local observable related to
the population of each emitter is responsible for the time
behavior of the Dicke superradiance. The quantum cor-
relations measured by LQU, which is a discord-like quan-
tum correlation, present a double sudden change induced
by environment. During the time window between these
two sudden changes the symmetric global observables of
the system behave classically in the limit N → ∞, al-
though the emitters are strongly quantum correlated. It
would be interesting to analyze the quantum correlations
in generalized models of superradiance [39].
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